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Abstract 

Shape Dynamics is a theory of gravity that replaces refoliation invariance for spatial Weyl invariance. 
Solutions of the Einstein equations that have global constant mean curvature slicings have equivalent so- 
lutions in Shape Dynamics, but there are solutions of Shape Dynamics that have no counterpart in GR, 
just as there are solutions of GR that have no global constant mean curvature slicings. It is interesting 
then to analyze directly the equations of motion of Shape Dynamics to find its own solutions, irrespective of 
properties of known solutions of GR. Here we use these equations in a spherically symmetric, asymptotically 
flat ansatz to derive an analogue of the Birkhoff theorem. There are three significant differences with respect 
to the usual Birkhoff theorem in GR. The first regards the posing of the problem: in Shape Dynamics we 
must establish from the start the boundary conditions of our phase space variables. The second difference 
regards the construction of the solution: we heavily use the Shape Dynamics spatial Weyl gauge freedom 
to simplify the problem. The remaining, and most important difference is that the solution obtained is 
uniquely the isotropic wormhole solution, in which no singularity is present, as opposed to maximally ex- 
tended Schwarzschild. This provides an explicit example of the breaking of the duality between General 
relativity and Shape Dynamics, and exhibits some of its consequences. 
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60; 1 Introduction 

£S) ' 1.1 Shape Dynamics 

> ■ P 

, Shape Dynamics is a theory of gravity, formulated in the Hamiltonian 3+1 formalism. It possesses two dynam- 
ical propagating degrees of freedom, and has as kinematical variables the same g a b and 7r a6 as the Hamiltonian 
version of ADM General Relativity. What is noteworthy about it is that it possesses spatial Weyl invariance, 
acting on both the metric and on the momenta. It maintains the correct number of degrees of freedom since it 
, does not have refoliation invariance. 1 

Shape Dynamics is intimately related to specific gauge-fixings of Hamiltonian 3+1 ADM. It is a theory 
that takes as its geometric observables spatial conformal-diffeomorphism invariants, as opposed to space-time 
diffcomorphism invariants. The gauge-fixings of ADM that are related to Shape Dynamics are either constant 
mean curvature (CMC) for the closed spatial manifold case, or maximal slicing for the open manifold case. 
To be more precise, suppose that we restrict our spatial manifolds £ - the spatial part of globally hyperbolic 
, spacetimes £ x K - to be open (not necessarily compact). Then Shape Dynamics is a gauge theory whose 
reduced phase space is intimately connected to a maximal slicing g a b^ ab = 7r = gauge fixing of ADM. There is 
a special property of these gauge-fixings which is what relates them to Shape Dynamics. That property is that 
they also moonlight as generators of spatial Weyl transformations. In the same way that -k 10 ^ = generates 
spatial diffeomorphisms in Hamiltonian ADM general relativity, ir = (maximal slicing) generates spatial Weyl 
transformations, while it — (ir) ^fg = (CMC) generates total-volume preserving conformal transformations. 

This is not to say that we are looking simply for maximal slicings of given space-time solutions of GR, 
since there are possible obstructions to space-time solutions (such as degeneracy of the 4-metric) that cannot 
be seen (i.e. present no analogous obstruction) in the phase space solution (g a b(t),ir ab (t)) of the equations 
of motion of Shape Dynamics. On the other hand, if a given space-time has a complete maximal slicing it 
will be also a solution of the gauge-fixed reduced theory, whereas if the complete slicing is not attainable, the 
space-time will have no counter-part in the reduced theory. The point of the matter is that any solution of 
the gauge-fixed maximal-slicing reduced theory has a counterpart in Shape Dynamics, which means it has a 
Weyl invariant representation. Thus from the point of view of Shape Dynamics, a global space-time satisfying 
Einstein's equation is physical only if it possesses a global maximal slicing. 
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1 To be more precise, it does not possess the corresponding phase space symmetry, since in phase space refoliations are not really 
meaningful. 
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The breaking of the duality between the two theories is represented by a collapse of the required space-time 
distance between the hypersurfaces needed to propagate the maximal slicing condition. However, this collapse 
need not be physical in either of the two theories. In both sides, it is a gauge- dependent statement. Nonetheless, 
the translation between the two theories, which have different gauge symmetries to explore, does break down 
when the lapse collapses, and the two theories can have different continuations from then on. As we will see, 
there are solutions of Shape Dynamics which are only locally isomorphic to space-time solutions of General 
Relativity. They do not form space-times, but arc by definition still physical in the Shape Dynamics sense. 

We will find such a solution, and furthermore show that it is the unique such solution if we assume asymptotic 
flatness and spherical symmetry in vacuum. This imposition of boundary conditions already signals a difference 
between the Shape Dynamics analogue of the Birkhoff theorem and the GR one, which yields a static 4-metric 
from spherical symmetry irrespective of the boundary conditions. Further differences lie at the construction 
level, since we use the Shape Dynamics equations of motion and its respective Weyl freedom. Finally, the way 
in which the actual spherically symmetric solution for Shape Dynamics differs is that it represents an isotropic 
wormhole solution, as opposed to (maximally extended) Schwarzschild. 

1.2 Birkhoff's theorem in GR 

In General Relativity, Birkhoff's theorem [l] 2 states that a spherically symmetric solution of the Einstein field 
equations in vacuum = 0, must contain an extra Killing vector field. The resulting solution is given by the 
Schwarzchild metric: 

ds 2 = -^dt 2 + (1 - — )dr 2 + r 2 (de 2 + sm 2 (0)d0 2 ) (I) 

r 

If the Killing vector field is time-like, the resulting metric will be locally static and asymptotically flat, corre- 
sponding to the region r > 2m in (1). If it is space-like, it will be homogeneous and it will run into a singularity 
at r = 0, corresponding to the region r < 2m in (1). 

Clearly something goes wrong at r = 2m in (1): the radial component g rr of the metric blows up, while 
gtt vanishes. However, this is a coordinate singularity, since no physical observable, such as invariants of the 
curvature, blows up in that region. 

Coordinate invariance and the degeneracy of the 4-metric 

To characterize some object as coordinate invariant we must first define what we take to be valid coordinate 
transformations. As usual, we define it as a smooth diffcomorphism: a smooth transformation with a smooth 
inverse. The requirement of existence of the inverse implies that to be characterized as a coordinate transfor- 
mation the transformation's Jacobian has to have a finite, non-zero determinant. A coordinate change which 
obeys these conditions is used to obtain a maximal extension of Schwarzchild (Kruskal-Szckcres) which avoids 
the pathologies of the original coordinate system employed in (1). For future purposes we call attention to 
the fact that the determinant of the 4-metric of the Schwarzschild solution above (1) detg M „ radially vanishes 
only at the singularity r = (although the goo component vanishes at the horizon). Unlike what occurs in the 
above case however, a 4-metric which is degenerate in some region (i.e. whose determinant vanishes in that 
region) cannot be transformed into a regular (non-degenerate) 4-metric by a viable coordinate transformation. 
This distinction will become important in order to show that the Shape Dynamics solution is not a space-time 
solution. 



2 Shape Dynamics for asymptotically flat conditions 

2.1 Construction 

The construction of Shape Dynamics for the case of a closed spatial manifold is more complicated than the 
one we are about to present here [3] . That is because in the open case we have boundary conditions that allow 
us to define a non-trivial Hamiltonian for Shape Dynamics, whereas in the closed case we are forced to use 
more subtle means. Since the construction of the theory for the case where the underlying spatial manifold has 
boundary is much simpler, we will present it here without reference to the changes that have to be made in the 
closed manifold case. 

The first step is to write out the constraints of canonical GR in its 3+1 ADM form: 

S{x) := G ^^ C \ x) „ R{x)V g( x) = (2) 

H a := < a = (3) 

2 In fact, the theorem today known as Birkhoff's theorem was first discovered by Jebsen in [2], 
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where the points x belong to an open 3-manifold S, g a b is the spatial 3-metric and its conjugate momenta 
TT ab (intimately related to the extrinsic curvature of a foliation). The scalar constraint (2) generates on-shcll 
refoliations of spacetime, while the momentum constraint generates foliation preserving diffeomorphisms. The 
second step is to extend phase space in a trivial manner, including the variables and its canonically conjugate 
momenta -k$. This entails the appearance of third set of first class constraints 

7T0 = 

Now we perform a canonical transformation in the extended phase space with coordinates (g a b, ^ ab , <f>, ^<j>) of 
the form: 

: (g ab , </>, tt ) i y (e^gab, e~^iT a \ <f>, tt - 4tt) 

where n = g a b^ ab ■ The extra first class constraint in this extended theory after the canonical transformation 
is given by 7r^ — 4-7T rj 0. This constraint is associated to the trivial symmetry generated by simultane- 
ously transforming the metric canonical variables and a compensating transformation for the conformal factor: 
(<?a&,7i" ab ) !-> (e 4 ^g a b, e~ 4 ^Tr ab ) accompanied by the transformation (<p, 7r^) h-> ((f) — ip,ir^) keeps the combination 
(e 4( ^(?a6, e~ 4 ^7T ab ) invariant (it is this combination that enters the action in extended phase space). 
The smeared scalar constraint (2) becomes, for </> = In SI 

t^S(N) = J (Vsl + RH- ^TT^TTabfl- 7 ^ fts (4) 

Ignoring boundary terms (sec [5] for details on how to treat the boundary terms), the smeared diffeomorphism 
constraint becomes 

t^H a {C) = £ ^ ab C^g ab + ir+Ctt) d 3 x a (5) 
while we now have a new constraint which was not present in ADM: 

C(p) = / fr* " 4tt)p) « (6) 

Where N, £ a and p are the Lagrange multipliers multiplying respectively the extended scalar constraint t$S(x), 
the extended momentum constraint t ( j,H a (x) and the new "conformal" constraint C(x). 

As is usual for dynamical systems on manifolds that have a boundary, we must add terms to the total 
Hamiltonian to ensure diffcrcntiablity and thus the well-poscdness of the equations of motion. These bound- 
ary terms will depend on the boundary conditions imposed on the phase space variables, and the boundary 
conditions themselves have to be preserved by the equations of motion. The complete treatment is given in [5] . 

Let us summarize here some of the assumptions and results of the boundary treatment. First, the bound- 
ary conditions taken for the asymptotically flat metric variables and Lagrange multipliers of the scalar and 
diffeomorphism constraint are: 

gab^Sab + Oir- 1 ) , 7r ab ^O(r- 2 ) (7) 
AT 1 + 0(r _1 ) , C^O(l) 

The fall-off condition for the remaining Lagrange multiplier p can be determined from the requirements of 
consistency and finiteness of the boundary terms. In [5] we have shown that in order to preserve the asymp- 
totic form of the metric variables and obtain finite boundary terms, the asymptotic behavior of the Lagrange 
multiplier and the conformal variables should be p — > 0(r~ r ) : and — > 1 + C(r _1 ) and — > 0(r~ 2 ). 

To recover the ADM dynamical system, one must merely gauge-fix this extended theory by setting <j> = 0. 
For the construction of Shape Dynamics, we perform the gauge-fixing -k^ = on the extended system. The 
only constraint that does not commute with this gauge-fixing is exactly (4). This constraint can be solved for 
SI [6] in terms of the variables g a b and ir ab , and thus together with the setting of tt^ = the system is reduced, 
and the Dirac bracket also reduces to the canonical Poisson brackets of the variables {g a b^ ab )- It turns out that 
in our present case there remains a total Hamiltonian residing on the boundary 9S. It is of the form: 

H SD [g, tt] = - / d 2 yVh{2(k - k Q ) + 8r e Sl^ e ) (8) 

JdT, 

where k is the trace of the extrinsic curvature of the boundary, h a b is the metric at the boundary and r a is the 
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normal to the boundary. The other remaining constraints are the usual spatial diffeomorphism constraints 3 

J d 3 x (ir ab £sg ab ) = 

with £ a now respecting the asymptotically flat boundary conditions. Finally, from the reduction of the constraint 
C = 7T0 — 47r we also obtain a Wcyl (or conformal) constraint ir = (whose smearing p also must satisfy the 
appropriate boundary conditions). 



2.2 Equations of motion 

Shape Dynamics is obtained from a Linking theory (what we have called so far the extended theory), where 
all quantities arc local. Thus the simplest way to formulate Shape Dynamics' equations of motion, boundary 
charges, counter-terms and fall-off conditions is to consider these in the larger setting of the Linking theory, 
and then use phase space reduction. 

For the open case, where we institute maximal slicing as opposed to constant mean curvature slicing (CMC) 
which we institute when the spatial manifold is closed, the canonical transformation of the metric variables are 
given by (g ab ^ ab ) h> {e^g ab , e^rr ab ). 

As in the CMC case, although the lapse does not figure in the fundamental equations of Shape Dynamics, 
we can use an identity obtained by phase space reduction, which requires an effective lapse N a , the solution of 

e" 4 ^(V 2 iV + 2g ab 0° a N° b ) - N e~^°G abcd n a \ cd = (9) 

where we have denoted the solution of (4) by fl [g,Tr] = e^"^ 9 '^. 
The equations valid in the present case are: 

g ab = 4 P5ab + 2e- 6 ^^7r a6 + C i9ab (10) 
ir ab = N e 2 *° Vff (V b - 2<j>f + 40- a ^ b - ^Rg ab + 2V 2 cj >0 g ab ^ 
_^ e -60 o (^ a % c b ) - l -{^ cd )g a ^j 

-e 2 *°y/g(N? b - 44ffNp - V 2 N g ab ^j + C^ ab - 4pir ab (11) 

Note the presence of the conformal gauge terms Apg a b and — Apir ab . 

We also pause to mention that equations of motion for Shape Dynamics in the CMC case are considerably 
more complicated by the fact that the conformal factor <p must be total volume preserving, and thus depends 
on g, entering the variations. We will refrain from writing these equations of motion down here, since we are 
not concerned with the CMC case. 

The Weyl invariance of the equations of motion are manifest by the fact that the combinations e 4 ^ ^ 9 '^g a b, 
e ~40 o [g,7r] n ab ^ CO nformally invariant, and it is these combinations that enter the equations. To obtain a 
solution of ADM, we must impose the gauge-fixing </> \g, tt] = 0, which is a condition of course on g a b and Tr ab . 



3 Birkhoff's theorem in Shape Dynamics 

One of the key advantages of Shape Dynamics is that we can use the conformal gauge to absorb terms that we 
would otherwise be unable to. Starting with (10) we will use this freedom to cancel all terms proportional to 
the metric. To obtain the non-trivial Minkowski solution, we must include a non-zero mass in the assumptions. 
The boundary conditions are such that the energy of the solution - defined in (8) - is given by m, which imposes 
a particular form for the next to leading order asymptotics of the conformal factor O. The mass of the solution 
is included at the origin as a 5(r) term. However, a matter term on rhs of equation (4) appears as 16irQ 5 p 
where p is the energy density of the source we are implementing (and here tt is just the irrational number, not 
the trace of the gravitational momenta). This implies that there is proportionality factor between p and m 
different than what would normally happen in a Schwarzschild solution. 

3 In Shape Dynamics the constraints decouple the conformal factor from the diffeomorphism constraint. This occurs because 
the diffeomorphism generator decouples into one part that is the original diffeomorphism generator and another that gets absorbed 
by the conformal constraint upon reduction: 

J d 3 xn ab e- 4 <t>Cz(e 4 <J>)gab = J d 3 x (n ab C ( g ab + 4tt£ 5 <ty 

. The point is that we can absorb the term 4C^(p into the Lagrange multiplier p for the remaining conformal constraint (i.e. it 
vanishes on-shell). 
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Construction 



Wc start by defining an objective criterion to identifying conformaliy flat metrics, namely the Cotton tensor. 
Much like the Weyl tensor in 4-dimensions, the Cotton tensor encodes the conformaliy invariant degrees of 
freedom of the 3- metric gij. As is easy to verify, spherical symmetry implies that the Cotton tensor for the 
3-metric vanishes, thus there is no coupling to the Weyl-invariant degrees of freedom, except through the 
boundary conditions. 

Thus our metric is conformaliy flat, and we restrict ourselves to a phase space in which g ab = f2 4 (r, t)r) ab 
where rj ab = diag(l, r 2 , r 2 sin 2 (6')) in the spherical coordinates {r, 9, (p}. Let us reproduce (10) here for the 
reader's convenience: 

9ab = ipgab + 2e-^°^7r ab + Ccg ab 
V9 

We can replace g a b by rj ab , cj> by lnf2, and g' a b = 4f2 3 f^ a b on the lhs. 

For generality, we don't want to assume the shift is zero. In accordance with spherical symmetry for 
simplicity we assume that it is of the the form £ a = £(r, t)Sf. The Lie derivative of the metric with respect to 
a vector field of this form is: 

Cffiiab) = &. rVab - 2r^(5 e a 5 9 b + sm 2 (9)5 a X) + m, r S r J r b (12) 

where for convenient notation we wrote f2 = f2 4 . We can rewrite this in a form which has more terms propor- 
tional to the metric: 

Now putting all the terms proportional to the metric on the lhs of (10) we get: 

(f(r, t) - p)r, ab = 7 (r, t)a ab + 20%%^ ~ (13) 

where f(r,t) = 4f2 3 f2 + which clearly decays faster than 1/r, j(r, t) is an unimportant collection of the 
prefactors of the trace-free part of the momenta, which we have defined as <r ab := TT ab - ±irg ab . 

We have still some gauge freedom to explore, and we do so by choosing p(r,0) = f(r, 0). Then the lhs of 
(10) is identically zero, and taking the trace of the equation we obtain £, r — = 0, which means £ = ar and, 
more importantly, that the momenta vanish: u ab \ t =o = 0. 

As shown in [5] , if we input a point source p at r = in radial coordinates the scalar equation (4) becomes 
d 2 il = 2irp5(r)£l(0) 5 , where the 2-7T factor is exactly what appears from the scalar constraint (2ir comes from 
167r/8, where the 8 is the factor for V 2 in (4)). The solution of this equation with the general boundary 
conditions 1 + 0(l/r) is given by ft = 1 + ^ where m = pS7(0) 5 . As O(0) is a divergent quantity, some sort of 
regularization should take place. 4 To see that the boundary conditions on the next to leading order contribution 
to H are justified, we calculate the asymptotic energy, given by (8). Trivially, one obtains d r (f> — > and 
asymptotically k — > djgij — di{8 kl gki) which is equal to zero since g^ = Sij. Thus we are left with (after 
restoration of the ts~ factor): 

1D7T / 

E SD = — - / d 2 yd r (j){r 2 sm{9)d9d<j>) = m (14) 
27r Jas 



Moving on, the general solution to (9) with asymptotically flat boundary conditions becomes N = 1 — 

r c input the lapse N = 1 — 17 ^ b 2r and <fi = In (1 + 

/ 8(-l+6) ? \ 

r(m+2r) z 



m+2r ' 

where b is an integration constant. If we input the lapse N = 1 — l 2b 2r and <f> = In (1 + ^) into (11) we obtain 



#» = (i + -y 



n 4(-l+6)mrsin -i (e) n 

U (m+2r) 2 U 

I _ 4(-l+6) T 



(15) 



We see that to maintain the boundary conditions on the metric momenta, n ab ~ 0(r 2 ) we must have 6=1, 
thus 7r t a l = 0, and in fact Tr ab (t) = 0. 5 Thus, we find the solution compatible with our boundary conditions by 
taking 6 = 1. 



4 p could be formally denned by a limiting procedure, but in this case we would have a product of distributions in the defining 
equation (4), which might be ill-defined. 

5 We could have derived this directly had we used more of our gauge freedom to require p(r,t) = f(r,t) above, instead of the 
weaker p(r, 0) = f(r, 0). 



5 



To reconstruct the 4- metric from this, we must gauge- fix <f> = 0, or in other words f2 = 1. We use the 
Weyl invariance of e^°^ 9, ^g a b, e~ 4 ^"^- 9 '^Tr ab and go to the gauge where fi = 1. Rewriting the lapse solution 
as 1 = 2r the reconstructed space-time from this is: 

/i m \ 2 

ds 2 = - (ft 2 + (1 + ^) 4 (dr 2 + r 2 (d# 2 + sin 2 (#)d^ 2 )) (16) 

V 1 + 2r / ^ r 

In the no back-reaction limit, the dynamics of particles in Shape Dynamics will act as if obeying the geometry 
of this space-time, which as we saw, up to the gauge symmetry of Shape Dynamics, is the unique form of the 
translation of a solution for an asymptotically flat, spherically symmetric ansatz in Shape Dynamics into a 
space-time. 

4 Conclusion 

Here we explore a few of the consequences of the solution, mainly transcribed from [8] , and point out some of 
the differences in the method utilized in the obtcntion of the solution here and those utilized for the obtention 
of the usual Birkhoff theorem. We leave a more careful analysis of the consequences for the upcoming paper 
[7], where we show also that this solution will form from collapse of a certain homogeneous star model. 

New elements regarding the method 

Wc start by pointing out that in the construction of the solution, unlike what is done in the usual Birkhoff 
theorem, we utilize both the boundary conditions and our ability to absorb the pure gauge terms in p. For 
instance we have used the assumption that 0(£ a ) < 0(1). We have also assumed the relevant fall-off rates 
for the metric variables. Once these are established, it is a routine exercise to derive the fall-off rate for the 
conformal variable 0^1 + 0(l/r) [5]. 

As a last remark on this subject, we note that usual proofs of Birkhoff 's theorem do not utilize explicitly 
the equation of motion Tr ab . This equation determined a leftover integration constant b = 1 in the lapse (4) 
from (15) and allowed us to recover exactly the isotropic black hole space-time. 

Properties of the solution 

The first thing to notice is that this solution is valid under our assumptions wherever there is no matter. We find 
no reason to disregard this solution as non-physical for Shape Dynamics. Although the lapse is gauge-dependent 
in both GR and in Shape Dynamics, the breaking of the duality between the two theories can be signaled by 
the collapse of the lapse. The unique lapse solution N a given in the text is required to make contact with a 
space-time, since for the duality we must set Q — 1, and this lapse definitely breaks down at the horizon. If one 
would try to interpret this solution as a space-time, one obtains that the volume degenerates at the horizon, 
the 4-metric becomes degenerate, and thus does not possess an inverse. 6 These statements are invariant under 
space-time diffeomorphisms, and thus this solution should not be considered as a space-time per se, but instead 
what one would obtain if attempting to describe a valid Shape Dynamics solution in space-time language. 

In other words, this is not a solution for GR. It can be a solution only separately for the intervals r > m/2 
and r < m/2. While the isotropic Schwarzschild solution is considered a solution for GR only for r > m/2, for 
Shape Dynamics it should be considered as physical, since no observables of Shape Dynamics (spatial conformal 
diffcomorphism invariant quantities) break down at the horizon. Furthermore, at the no back-reaction level, 
we can use the "reconstructed space-time" as a background for the motion of particles in Shape Dynamics. 
This entails that we can calculate anything that we would normally calculate in GR, keeping in mind that 
Lorcntz-invariancc - which is not a fundamental symmetry of Shape Dynamics - can be broken at the horizon. 

Let us then mention a few of the features of this solution seen as a space-time, reproduced by us, but 
originally made in [8]: 

• An observer in the asymptotically flat region will not see any difference between this solution and a 
Schwarzschild black hole. A simple calculation shows that the infalling radial geodesic takes infinite 
proper time to reach r = 0. This is of course a physical, observable distinction between a Schwarzschild 
solution and this solution. 

• The infalling observer will (after finite proper time) experience falling into a mirror universe. The mirror 
universe is obtained by replacing the isotropic radial coordinate with r — > m 2 /(4r), which can be checked 

6 One should not confuse this space-time degeneracy of the metric with the usual degeneracy degeneracy of the horizon, which is 
topologically a 3-surface but metrically a 2-surface. The space-time metric is, in every description of horizons, still non degenerate 
at the horizon. 
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to leave the form of the line element (16) invariant. Thus the solution has the property of inversion, 
associated to conformal invariance (as for instance in the method of images in electrodynamics). 

• In this manner the boundaries of the left and right parts of the usual Kruskal diagram are identified, and 
the singularity does not figure anywhere. Notice that the mirror universe essentially decompactifies the 
region near r = by a conformal transformation that puts infinite spatial distance between r = and 
any other point in a given t = const, surface. 

• One might worry about Penrose's singularity theorem. However, there is a discontinuity of the expansion 
scalar at the event horizon of the wormholc, which prevents the expansion scalar from decreasing to — oo, 
as it would occur inside a Schwarzschild black hole. This discontinuity guarantees that timclikc geodesies 
in the gravitational field of a wormhole are complete. 7 

Clearly, the physical implications of this model depend crucially on whether we can simulate real collapse of a 
given distribution of matter. This and other aspects, we leave to upcoming work. 

Nonetheless, it is interesting to (wildly) speculate on some possible consequences for this result. For example, 
suppose that isolated particles could be modeled by such defects. 8 This would mean that after traversing the 
particle's Schwarzschild radius there is no sense in which decreasing the radius would get us closer to the 
particle. The "closer" we get to the particle the less we would feel its gravitational influence. 
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